Abstract. We compute Fourier series expansions of weight 2 and weight 4 Eisenstein series at various cusps. Then we use results of these computations to give formulas for the convolution sums a+pb=n σ(a)σ(b), p1a+p2b=n σ(a)σ(b) and a+p1p2b=n σ(a)σ(b) where p, p 1 , p 2 are primes.
Introduction
Let N, N 0 , Z, Q, C and H denote the sets of positive integers, non-negative integers, integers, rational numbers, complex numbers and the upper half plane, respectively. Throughout the paper we let z ∈ H and q = e 2πiz . Let N ∈ N. Let Γ 0 (N) be the modular subgroup defined by Let k ∈ N. We write M k (Γ 0 (N)) to denote the space of modular forms of weight k for Γ 0 (N), and E k (Γ 0 (N)) and S k (Γ 0 (N)) to denote the subspaces of Eisenstein forms and cusp forms of M k (Γ 0 (N)), respectively. It is known (see for example [23, p. 83] and [22] ) that M k (Γ 0 (N)) = E k (Γ 0 (N)) ⊕ S k (Γ 0 (N)). c z) at the cusp ∞, see [16, pg. 35] . If the Fourier series expansion of f (z) at the cusp 1 c is given by the infinite sum
then we use the notation [n] c f (z) = a n . It is to use [n], instead of [n] 0 , at the cusp ∞ (= 1/0). For k ∈ N 0 and n ∈ N we define the sum of divisors function by
where d runs through positive divisors of n. If n / ∈ N we set σ(n) = 0. When k = 1, we write σ(n) instead of σ 1 (n). We define the weight 2 and the weight 4 Eisenstein series by
see [23, Theorem 5.8] .
Let r, s ∈ N. We define
to be the convolution of sum of divisors function. The formula
appears in the works of Besge, Glaisher and Ramanujan, see [8, 12, 20] , respectively. Since then W (r, s; n) has been calculated for various (r, s). In the table below we grouped the known results according to nature of r and s, together with the references. (1, 6), (1, 10) , (1, 14) , (1, 15) [7, 19, 21] (r, s) = (1, p i ) (1, 4) , (1, 8) , (1, 9) , (1, 16) , (1, 25) , (1, 27) , (1, 32) [5, 6, 14, 24, 25, 26 
(1, 12), (1, 18) , (1, 20) , (1, 24) , (1, 36) (2, 9) , (4, 5) , (3, 8) , (4, 9) [3, 4, 11] In this paper we give formulas for W (1, p; n), W (p 1 , p 2 ; n) and W (1, p 1 p 2 ; n). In Theorem 2.2 we give the precise expression for the Eisenstein part of the formulas for W (1, p; n), W (p 1 , p 2 ; n) and W (1, p 1 p 2 ; n) for all primes p, p 1 , p 2 such that p 1 = p 2 . These formulas generalize the previously known formulas in rows 2-4 referenced in Table 1 . Our method proves the existence of the cusp forms satisfying the formulas but fails to provide a general expression for the cusp part. Later on in the paper we will give the cusp part of the formulas for W (r, s; n) with (r, s) = (1, 2), (1, 3), (1, 5) , (1, 7), (1, 11) , (2, 3), (2, 5) , (2, 7), (3, 5) , (1, 6) , (1, 10) , (1, 14) , (1, 15) in terms of linear combinations of eta quotients.
The structure of the paper is as follows. In the next section we give the statements of main results. In the third section we derive Fourier series expansions of weight 2 and weight 4 Eisenstein series at various cusps. Then, in Section 4, we use the first terms of Fourier series expansions of Eisenstein series at certain cusps to prove the main results. In Section 5 we give a description for the cusp forms C (r,s) (z) with (r, s) = (1, 2), (1, 3), (1, 5) , (1, 7), (1, 11), (2, 3), (2, 5), (2, 7), (3, 5) , (1, 6) , (1, 10) , (1, 14) , (1, 15) in terms of eta quotients. Finally in Section 6, for the interested reader, we describe how to extend the results of this paper to give formulas for W (r, s; n) with lcm(r, s) a square-free, two times a square-free number or four times a square-free number.
Main Results
In this section we state the main results.
Theorem 2.1. Let p be a prime. Then there exists a cusp form
We compare the coefficients of q n on both sides of equations (2.1)-(2.3) to get the following theorem.
Theorem 2.2. Let p, p 1 , p 2 be primes such that p 1 = p 2 , then for all n ∈ N we have
[n]C (1,p) (z), 
where C (1,p) (z), C (1,p 1 p 2 ) (z) and C (p 1 ,p 2 ) (z) are the cusp forms from Theorem 2.1.
Note that Chan and Cooper in [9] gave the equation for W (1, p; n), valid for p = 3, 7, 11, 23. The closed form they gave for Eisenstein part of the formula is the same as Eisenstein part of the formula for W (1, p; n) given in the previous theorem.
Fourier series expansions of weight 2 and weight 4 Eisenstein series at various cusps
In this section we find the Fourier series expansion of weight 2 and weight 4 Eisenstein series at various cusps. The results of this section will be used to prove Theorem 2.1. The transformation formula for E 2 (z) under the matrices T and S are given by
Theorem 3.1. Let 1 < t ∈ N. The Fourier series expansion of L t (z) at cusp 1 ∈ Q is given by
respectively.
Proof. Let t ∈ N and the matrices S and T are as in (1.1). We have
where in the first, second and third steps we use E 2 (S 2 (z)) = E 2 (z), E 2 (T t (z)) = E 2 (z) and (3.2), respectively. Let 1 < t ∈ N. Then we use (3.6) to get
which proves (3.3). Similarly, by using E 2 (T t (z)) = E 2 (z) and (3.2) we find
and by E 2 (S 2 (z)) = E 2 (z), E 2 (T t (z)) = E 2 (z) and (3.2) we find
Combining (3.7) and (3.8) we have
which proves (3.4). The proof of (3.5) is similar.
The following theorem is a special case of Theorem 4.1 from [1] .
Theorem 3.2. Let t, c ∈ N be such that c | t. Then Fourier series expansion of E (4,t) (z) at the cusp 1/c is given by
Proof. Let t, c ∈ N be such that c | t.
which proves the assertion.
The following cusps in Table 2 are equivalent in the given modular subgroups. 
We construct Tables 3 -5 below by using (1.3), Theorems 3.1, 3.2, the definition of cusp forms and equivalence of the cusps given in Table 2. Tables 3, 4 and 5 will be used to prove (2.1), (2.2) and (2.3), respectively. 
. By [23, Theorem 5.9 ], the sets of Eisenstein series
We use the values in Table 3 to compare first terms of Fourier series expansions of the functions on both sides of equation (4.1) to obtain the following linear equations.
Solving equations (4.4) and (4.5) for a 1 and a 2 we get the desired result in (2.1).
We similarly prove (2.2) and (2.3) using the values in Table 4 in (4.2) and Table  5 in (4.3), respectively.
5.
The cusp forms C (r,s) (z) for (r, s) = (1, 2), (1, 3) , (1, 5) , (1, 7) , (1, 11) , (2, 3) , (2, 5) , (2, 7) , (3, 5) , (1, 6) , (1, 10) , (1, 14) , (1, 15) In this section we express C (r,s) (z) (r, s) = (1, 2), (1, 3), (1, 5) , (1, 7), (1, 11), (2, 3), (2, 5) , (2, 7) , (3, 5) , (1, 6) , (1, 10) , (1, 14) , (1, 15) 
